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Convex Minimization

» Consider the unconstrained minimization problem

in £(x),
xrglllgd (X)

where f is convex and twice continuously differentiable
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Convex Minimization

» Consider the unconstrained minimization problem

in £(x),
xrgland (X)

where f is convex and twice continuously differentiable

» Popular methods: first-order methods such as gradient descent
Xi+1 = Xk — NV (xk)

® Cheap to implement v/
® Slow convergence, esp. for ill-conditioned problems X
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Second-Order Methods

» We focus on second-order methods that utilize the Hessian of
» Newton's method

Xk+1 = Xk — V2f(xk)_1Vf(xk)
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Second-Order Methods

» We focus on second-order methods that utilize the Hessian of
» Newton's method

Xk+1 = Xk — sz(xk)_IVf(xk)

» Cubic regularized Newton (CRN) method [Griewank'81; Nesterov-Polyak’06]

) 1 M
X 1 = argmin {f(xk) + Vf(xk)T(x — xx) + §(X — xk)TVZf(xk)(x — xx) + KHX — xk||3}
xeRd
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Second-Order Methods

» We focus on second-order methods that utilize the Hessian of
> Newton's method

Xi+1 = Xk — sz(xk)_1Vf(xk)

= argegjn {f(xk) +VFO) T (x — xi) + %(x — x) TV (%) (x — Xk)}

» Cubic regularized Newton (CRN) method [Griewank'81; Nesterov-Polyak’06]

. 1 M
Xki1 = argmin {f(xk) + Vf(xk)T(x — xk) + E(x - xk)TVZf(xk)(x — Xk) + KHX - xk||3}
xcRd

Ruichen Jiang Krylov Cubic Regularized Newton 4/33



Second-Order Methods

» We focus on second-order methods that utilize the Hessian of
> Newton's method

Xi+1 = Xk — sz(xk)_1Vf(xk)

= argegjn {f(xk) +VFO) T (x — xi) + %(x — x) TV (%) (x — Xk)}

» Cubic regularized Newton (CRN) method [Griewank'81; Nesterov-Polyak’06]

. 1 M
Xki1 = argmin {f(xk) + Vf(xk)T(x — xk) + E(x - xk)TVZf(xk)(x — Xk) + KHX - xk||3}
xcRd

® When f is convex, f(xx) — f* = O(1/k?)
® When f is strongly convex, it achieves a superlinear convergence rate

Ruichen Jiang Krylov Cubic Regularized Newton 4/33



The Curse of Dimensionality

» The main drawback of CRN is its substantial memory and computational costs
* Computing & storing the Hessian V?f(x): O(d?)
* Solving a cubic subproblem: O(d?)

» As a result, CRN becomes impractical for optimization problems with high dimensions
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Subspace Second-Order Methods

» To reduce the cost, one approach is to execute 2nd-order updates in a subspace Vy of
dimension m < d [Doikov-Richtarik'18; Gower et al.'19; Hanzely et al.20]
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Subspace Second-Order Methods

» To reduce the cost, one approach is to execute 2nd-order updates in a subspace V of
dimension m < d [Doikov-Richtarik'18; Gower et al'19; Hanzely et al.20]

> Let g := VF(xx) and Hy := V2f(xx)
1 M
. T T 3
Sk = argmin < g, s+ -5 His+ —||s
. g {als+3 5 lsI°}
Xk4+1 = Xk + Sk
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Subspace Second-Order Methods

» To reduce the cost, one approach is to execute 2nd-order updates in a subspace Vy of
dimension m < d [Doikov-Richtarik'18; Gower et al'19; Hanzely et al.20]

> Let 8k ‘= Vf(Xk) and Hk = V2f(xk)
M
i T
S = argmin ¢ 8, S + s His + —||s
Subspace CRN: seVy { k ” | }
Xk+1 = Xk + Sk
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Subspace Second-Order Methods

» To reduce the cost, one approach is to execute 2nd-order updates in a subspace Vy of
dimension m < d [Doikov-Richtarik'18; Gower et al'19; Hanzely et al.20]

> Let gy := VF(xx) and Hy := V2f(xx)
1 M
; T T 3
Sk =argmin< g, s+ =s His+ —||s
Subspace CRN: sEV { k 2 6 Is] }
Xk4+1 = Xk + Sk

» Equivalently, let V) € R¥*™ whose columns form an orthonormal basis for V

1 +~ M
[T T 3
zy=argmin {8, z+ -z Hiz+ —||z||”}, sk = Vkzx,
Subspace CRN: ZERM { x 2 6 Il }

Xk+1 = X + Sk
where g, = V| g € R™ and H, = V/ H,V, € R™*m
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Stochastic Subspace Second-Order Methods

» How to choose the subspace V,?
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Stochastic Subspace Second-Order Methods

» How to choose the subspace V,?
» The existing works choose a random subspace

® Randomized Block Cubic Newton (RBCN) [Doikov-Richtarik'18]:
Sampling a random block of m coordinates

® Stochastic Subspace Cubic Newton (SSCN) [Hanzely et al.20]:
A general random subspace satisfying E[VV/ ] = 7l
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Stochastic Subspace Second-Order Methods

» How to choose the subspace V,?
» The existing works choose a random subspace
® Randomized Block Cubic Newton (RBCN) [Doikov-Richtarik'18]:
Sampling a random block of m coordinates
® Stochastic Subspace Cubic Newton (SSCN) [Hanzely et al.20]:
A general random subspace satisfying E[V,V,] = 21
» Reduced computational costs ...
* Computing the subspace Hessian H,: O(m?) in some special cases
* Solving the cubic subproblem: O(m?)
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Stochastic Subspace Second-Order Methods

» How to choose the subspace V,?
» The existing works choose a random subspace
® Randomized Block Cubic Newton (RBCN) [Doikov-Richtarik'18]:
Sampling a random block of m coordinates
® Stochastic Subspace Cubic Newton (SSCN) [Hanzely et al.20]:
A general random subspace satisfying E[V,V,] = 21
» Reduced computational costs ...
* Computing the subspace Hessian H,: O(m?) in some special cases
* Solving the cubic subproblem: O(m?)

» . ..but a much slower convergence rate

d—m 1 d\? 1
O<m'k+(m> k2>
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Stochastic Subspace Second-Order Methods

» How to choose the subspace V,?
» The existing works choose a random subspace
® Randomized Block Cubic Newton (RBCN) [Doikov-Richtarik'18]:
Sampling a random block of m coordinates
® Stochastic Subspace Cubic Newton (SSCN) [Hanzely et al.20]:
A general random subspace satisfying E[V,V,] = 21

» Reduced computational costs ...
* Computing the subspace Hessian H,: O(m?) in some special cases
* Solving the cubic subproblem: O(m?)

» . ..but a much slower convergence rate

d—m 1 d\? 1
O<m'k+(m> k2>

Question: Can we improve the dimensional dependence of subspace second-order methods?
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Where the Dimensional Dependence Comes from?

» Intuitively, it stems from the fact that the subspace is chosen uniformly random,
oblivious to the objective function f
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Where the Dimensional Dependence Comes from?

» Intuitively, it stems from the fact that the subspace is chosen uniformly random,
oblivious to the objective function f

» Such a random subspace is unlikely to contain a “good” descent direction

Krylov Cubic Regularized Newton 833



Where the Dimensional Dependence Comes from?

» Intuitively, it stems from the fact that the subspace is chosen uniformly random,
oblivious to the objective function f

» Such a random subspace is unlikely to contain a “good” descent direction

» It should be better to employ a subspace customized to the local geometry of f
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Contributions

» We propose the Krylov CRN method, where we perform the CRN update over the
Krylov subspace associated with Hy and gy
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Contributions

» We propose the Krylov CRN method, where we perform the CRN update over the
Krylov subspace associated with Hy and gy

» Can be implemented using the Lanczos method, with 1 gradient evaluation and m
Hessian-vector products per iteration
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Contributions

» We propose the Krylov CRN method, where we perform the CRN update over the
Krylov subspace associated with Hy and gy

» Can be implemented using the Lanczos method, with 1 gradient evaluation and m
Hessian-vector products per iteration

» In the convex case, we prove a dimension-free convergence rate
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Contributions

» We propose the Krylov CRN method, where we perform the CRN update over the
Krylov subspace associated with Hy and g

» Can be implemented using the Lanczos method, with 1 gradient evaluation and m
Hessian-vector products per iteration

» In the convex case, we prove a dimension-free convergence rate

Methods Per-iteration cost Convergence rate
CRN [Nesterov-Polyak'06] O(d®) O(%)
SSCN [Hanzely et al'20] O(m3)* o(Lm. 1 & 1)
Krylov CRN (ours) O(md)** O(L + %)
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Contributions

» We propose the Krylov CRN method, where we perform the CRN update over the
Krylov subspace associated with Hy and g

» Can be implemented using the Lanczos method, with 1 gradient evaluation and m
Hessian-vector products per iteration

» In the convex case, we prove a dimension-free convergence rate

Methods Per-iteration cost Convergence rate
CRN [Nesterov-Polyak'06] O(d®) O(%)
SSCN [Hanzely et al'20] O(m3)* o(Lm. 1 & 1)
Krylov CRN (ours) O(md)** O(L + %)

» When the Hessian spectrum possesses certain structure, our method can achieve a
faster rate
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Contributions
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Outline

® The Proposed Method
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Review: Cubic Regularized Newton Method

» We assume that:

° f:RY = R is convex
® f is bounded from below and has bounded level-sets
® The Hessian of f is Lipchitz, i.e., |V2f(x) — V2f(y)| < Lz||x — y||, ¥x,y € R9
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Review: Cubic Regularized Newton Method

» We assume that:

® f:RY — R is convex

® f is bounded from below and has bounded level-sets

® The Hessian of f is Lipchitz, i.e., |V2f(x) — V2f(y)| < Lz||x — y||, ¥x,y € R9
» An important property: upper bound on quadratic approximation error

‘f(x) - (f(xk) b gl (x— x) + %(x ) THi(x — xk)>' < %Hx —x?, VxeR?
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Review: Cubic Regularized Newton Method

» We assume that:
e f:RY 5 R is convex

® f is bounded from below and has bounded level-sets

® The Hessian of f is Lipchitz, i.e., |V2f(x) — V2f(y)| < Lz||x — y||, ¥x,y € R9

» An important property: upper bound on quadratic approximation error

‘f(x) - (f(xk) b gl (x— x) + %(x ) THi(x — xk)>' < %Hx —x?, VxeR?

» The CRN selects xx+1 as the minimizer of the cubic upper approximation

. 1 L
Xip1 = argmin {f(xk) + 8 (x = xi) + 5 (x = x) Hi(x = i) + §||x—xk||3}
xeR:
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Review: Cubic Regularized Newton Method

Let {xx} k>0 be generated by CRN and define D := sup{||x — x*|| : x € R?, f(x) < f(x0)}.
Then we have

X 9L,D3
R G| Gy
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Review: Cubic Regularized Newton Method

Let {xx} k>0 be generated by CRN and define D := sup{||x — x*|| : x € R?, f(x) < f(x0)}.
Then we have

X 9L,D3
R G| Gy

» Using the cubic upper bound (sx = Xx1+1 — Xk):

1 L
f(xk+1) < f(Xk) + ngsk + ES;HkSk + KQHSkH:S

Ruichen Jiang Krylov Cubic Regularized Newton 13/33



Review: Cubic Regularized Newton Method

Let {xx} k>0 be generated by CRN and define D := sup{||x — x*|| : x € R?, f(x) < f(x0)}.
Then we have

X 9L,D3
R G| Gy

» Using the cubic upper bound (sx = Xx1+1 — Xk):
1 Lo
F(xkr1) < Fxk) + & sk + ESkTHkSk + EHSkH3
» Since s, minimizes the cubic function:

1 L
f(xkp1) < F(xe)+gl s+ ESTHks + €2H5H3, Vs € RY
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Review: Cubic Regularized Newton Method

Let {xx} k>0 be generated by CRN and define D := sup{||x — x*|| : x € R?, f(x) < f(x0)}.
Then we have

X 9L,D3
R G| Gy

» Using the cubic upper bound (sx = Xx1+1 — Xk):

1 Ly
*S;Hksk + gHSkH?’

f(xi41) < F(x) + 8 sk + >

» Since s, minimizes the cubic function:

1 L
F(xkp1) < F(xe)+gls+ ESTHks + €2HSH3, Vs € RY

» Using the cubic lower bound: .
F(xp1) < F(xk +s) + §\|s|y3, Vs € R9

Ruichen Jiang Krylov Cubic Regularized Newton 13/33



Review: Cubic Regularized Newton Method (cont.)

» Using the cubic lower bound:

L
F(xe1) < Fx+ )+ S ls)®, vs e R?
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Review: Cubic Regularized Newton Method (cont.)

» Using the cubic lower bound:

L
F(xe1) < Fx+ )+ S ls)®, vs e R?

» Choosing s = kiH(x* — Xxx) and using convexity of f:

k 3 ) 9Lo||xx — x*||° k 3 . 9LLD?

< f
+ k37 kg3 s Ty

<
f(x"+1)—f(k+3x" k+3
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Review: Cubic Regularized Newton Method (cont.)

» Using the cubic lower bound:
L
f(xki1) < F(xx+8) + ?2\\5]]3, Vs € RY
» Choosing s = k%%(x* — Xxx) and using convexity of f:

N - 9L,D3
k+3  (k+3)3

k 3 ) 9L xx — x*||2 k 3

< <
f(""“)—f<k+3x"+k+3x k+37 Sk3 )

» Define Ay = k(k + 1)(k + 2):

3
i) = £ < s (F0) = £) + s
= A (F(xep1) — %) < A(F(xi) — %) + 9L, D3
= Ai(f(xep1) — ) <9LD3k+1) = flxep) — < LD
= = (k+2)(k+3)
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Subspace Cubic Regularized Newton

» Subspace CRN:

1 L
Sk = argmin {gk s+ sTHks +2 Hs|| }
sEV

Xk4+1 = Xk + Sk

» Where the analysis would break when introducing the subspace V?
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Subspace Cubic Regularized Newton

» Subspace CRN:

1 L
~s"Hys + €2Hs||3}

Sk = argmin {ngs + 5

sEV;
Xk+1 = Xk + Sk
» Where the analysis would break when introducing the subspace V?
» Recall the crucial inequality

1
f(xkp1) < F(xe)+ 8/ s+ 55k FHys + —HSH3 Vs € R9
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Subspace Cubic Regularized Newton

» Subspace CRN:

1 L
~s"Hys + €2Hs||3}

Sk = argmin {ngs + 5

sEV;
Xk+1 = Xk + Sk
» Where the analysis would break when introducing the subspace V?
» Recall the crucial inequality

1
f(xkp1) < F(xe)+ 8/ s+ 55k FHys + —H5H3 Ys€RY Vse
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Subspace Cubic Regularized Newton

» Subspace CRN:

1 L
. T T 2 3
S = argmin S+ —=s Hks—i-— S
sgvk {gk 2 6 H || }

Xk+1 = Xk + Sk
» Where the analysis would break when introducing the subspace V?
» Recall the crucial inequality

1 L
f(xks1) < f(xk) —i—ngs + EskTHks + éHsHs, YseRT Vse
> Let Py = VkV;(r be the orthogonal projection matrix of Vi. Since Pys € Vy, Vs € RY:

1 L
F(xe1) < F(x) + 84 Pus + 5 (Pucs) THi(Pis) + 7 [Pus]®, Vs e RY

Ruichen Jiang Krylov Cubic Regularized Newton 15/33



Subspace Cubic Regularized Newton

» The exactly same analysis would apply if, for any s € RY,
(A) g/Pis<g/s
(B) (PkS)THk(PkS) S STHkS

(C) IIPwsll < lIs]|
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Subspace Cubic Regularized Newton

» The exactly same analysis would apply if, for any s € RY,
(A) g/Pis<gls & g=Pax < g
(B) (PkS)THk(PkS) S STHkS

(C) IIPwsll < lIs]|
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Subspace Cubic Regularized Newton

» The exactly same analysis would apply if, for any s € RY,
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Subspace Cubic Regularized Newton

» The exactly same analysis would apply if, for any s € RY,
(A) g/Pis<gls & g=Pax < g
(B) (Pxs)THk(Pks) <s'Hys < PHP,<H, & HwvecV,Yve),

(C) |IPks|| < |Is]l v since Py is an orthogonal projection matrix
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Subspace Cubic Regularized Newton

» The exactly same analysis would apply if, for any s € RY,
(A) g(Pks<gls & g =P & gl
(B) (Pxs)THk(Pks) <s'Hys < PHP,<H, & HwvecV,Yve),
(C) |IPks|| < |Is]l v since Py is an orthogonal projection matrix

» Combining (A) and (B), we obtain that

gk € Vi, Hrgi € Vi, Higkevk, e, = span{Hf(gk |i=0,1,...} CVx
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Subspace Cubic Regularized Newton

» The exactly same analysis would apply if, for any s € RY,
(A) g(Pks<gls & g =P & gl
(B) (Pxs)THi(Ps)<s'Hs < PHP<H, < Huwel, Yvel,
(C) |IPks|| < |Is]l v since Py is an orthogonal projection matrix
» Combining (A) and (B), we obtain that
gk € Vi, Hig € Vi, Hig € Vi, ..., = span{Higc|i=0,1,...} C Vx

» This is exactly the maximal Krylov subspace generated by H, and gy!

16/33
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Krylov Subspace

» Formally, the j-th Krylov subspace generated by A € R?%? and b € R? is defined as

K;(A, b) = span{b,Ab,...,A/"1b}.
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Krylov Subspace

» Formally, the j-th Krylov subspace generated by A € R?%? and b € R? is defined as
K;(A, b) = span{b,Ab,...,A/"1b}.
» Moreover, there exists an integer ry < d such that:

Ki(A,b) C K2(A,b) C --- C Kpy(A,b) = Kry11(A, b) = Kpyi2(A,b) = - -
———

dim=ry

We call IC,, (A, b) the maximal Krylov subspace
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Krylov Subspace

» Formally, the j-th Krylov subspace generated by A € R?%? and b € R? is defined as
K;(A, b) = span{b,Ab,...,A/"1b}.
» Moreover, there exists an integer ry < d such that:

K1(A, b) C Ka(A,b) C -+ C Kry(A, b) = K1 (A, b) = Kyyi2(A, b) = - --
———

dim=ry

We call IC,, (A, b) the maximal Krylov subspace

> To sum up: if we let Vi = K, (Hk, gk), the subspace CRN retains the same
convergence rate of CRN
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Krylov Subspace

» Formally, the j-th Krylov subspace generated by A € R?%? and b € R? is defined as
K;(A, b) = span{b,Ab,...,A/"1b}.
» Moreover, there exists an integer ry < d such that:

K1(A, b) C Ka(A,b) C -+ C Kry(A, b) = K1 (A, b) = Kyyi2(A, b) = - --
—
im=nry

We call IC,, (A, b) the maximal Krylov subspace

> To sum up: if we let Vi = K, (Hk, gk), the subspace CRN retains the same
convergence rate of CRN

» However, ry can be as large as d = we use the Krylov subspace up to dim m
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Krylov Subspace

» Let us check if Vi = K,(Hg, g) satisfies the three conditions:
(A) g/Pis<gls < gel
(B) (Pxs)THk(Pks) <sTHys < Hyv € Vi, Vv €V
(C) IPks]l < [Is]]
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Krylov Subspace

» Let us check if Vi = K,(Hg, g) satisfies the three conditions:
(A) giPis<gls & geWw Vv
(B) (Pxs)THk(Pks) <sTHys < Hyv € Vi, Vv €V
(C) IPks]l < [Is]]
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Krylov Subspace

» Let us check if Vi = K,(Hg, g) satisfies the three conditions:
(A) g/Pis<gls & geV

(B) (Pks)"H(Pys) < s"Hys < Hyv eV, Vv eV

(C) ||P«s]| < ||s|]| ¢ since Py is an orthogonal projection matrix
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Krylov Subspace

» Let us check if Vi = K,(Hg, g) satisfies the three conditions:
(A) g/Pis<gls & geV

(B) (Pks)THk(Pks) < STHkS < Hev eV, Vv eV
(C) lIPksll < [Isl|

X H g, €V, but HPgy ¢V

v since Py is an orthogonal projection matrix

Ruichen Jiang Krylov Cubic Regularized Newton

18/33



Krylov Subspace

» Let us check if Vi = K,(Hg, g) satisfies the three conditions:
(A) g/Pis<gls & geV

(B) (Pks)THk(Pks) < STHkS < Hev eV, Vv eV

(C) |IPks|| < |Is]l v since Py is an orthogonal projection matrix
» Only need to control the error from Condition (B)

X HTﬁlgk € Vi but Hkmgk ¢ Vi
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Krylov Subspace

» Let us check if Vi = K,(Hg, g) satisfies the three conditions:
(A) glPis<gls & gieVe V

(B) (Pxs) "Hk(Pks) < s"Hys & Hyv €V, Vv € Vg

(C) |IPks|| < |Is]l v since Py is an orthogonal projection matrix
» Only need to control the error from Condition (B)

X H;(nilgk € Vi but HTgk ¢ Vi

» In comparison, when Vy is chosen randomly, both (A) and (B) only hold approximately
and the induced errors depend on m/d

Ruichen Jiang Krylov Cubic Regularized Newton
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Krylov Cubic Regularized Newton

» Input: Initial point xo € RY, subspace dimension m, regularization parameter M > 0
» for k=0,1,..., do
® V, ¢ the orthnormal basis of Kn(Hy, gx), & « V] gk, Hi < V] HV,
® Solve the cubic subproblem
1 - M
z; = argmin {g[z + -z " Hez + —||z||3},
zERm 2 6
® Update xxyr1 = xx + Viz
> end for
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Krylov Cubic Regularized Newton

» Input: Initial point xo € RY, subspace dimension m, regularization parameter M > 0
» for k=0,1,..., do
® V, ¢ the orthnormal basis of Kn(Hy, gx), & « V] gk, Hi < V] HV,
® Solve the cubic subproblem
1 - M
z; = argmin {g[z + -z " Hez + —Hz||3},
zeR™ 2 6
® Update xxyr1 = xx + Viz
> end for

» The remaining question: How to compute V, gk, and H?
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Krylov Cubic Regularized Newton

» Input: Initial point xo € RY, subspace dimension m, regularization parameter M > 0
» for k=0,1,..., do
® V, ¢ the orthnormal basis of Kn(Hy, gx), & « V] gk, Hi < V] HV,
® Solve the cubic subproblem
1 - M
z; = argmin {g[z + -z " Hez + —Hz||3},
zeR™ 2 6
® Update xxyr1 = xx + Viz
> end for

» The remaining question: How to compute V., 8k, and H,? <«  Lanczos method!
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Lanczos Method

» Input: H € RIxd, g€ R, and the dimension m

> Initialize: vi = g/|g||, f/1=0, vy =0
» for j=1,2,...,mdo
* w; < Hv,— v, // one Hessian-vector product (HVP)

W W — o4V
°* B+ w2

° Vj+1 — M/j/ﬁj—t-l ay B2
» end for B2 a2 ,@3
> Output: V= [uy,va..... v, & = [lgller, and A= | %0 0
/Bm—l am—1 Bm
/Bm Om
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Lanczos Method

VY

Input: H € Rdxd g < R9, and the dimension m

Initialize: vi = g/||g||, /1 =0, vy =0

for j=1,2,...,mdo
* w; < Hv,— v, // one Hessian-vector product (HVP)
¢ Wi w—qjy

Bis1 < llwjll2

e Vi1 — M/j/ﬁj—}-l ay B2
end for B2 a2 Ps

Output: V =[vi,v,...,vy], & = |/g|le1, and H = Bs

. Bm.—l

Bm—l

am—1 Bm

Bm

No need to compute & store H explicitly; only requires m HVPs

=- Can be done efficiently via back-propagation [Pearimutter'94]

Ruichen Jiang Krylov Cubic Regularized Newton

20/33



Lanczos Method

» Input: H € Rdxd g < R9, and the dimension m

> Initialize: vi = g/||g||, /1 =0, vo =0

» for j=1,2,...,mdo
* w; < Hv,— v, // one Hessian-vector product (HVP)
¢ Wi w—qjy
® Bir1 < llwjll2

° |/j+1 — M/j/ﬁj—}-l ay B2
» end for B2 a2 Ps
» OQutput: V= [vi,vo,...,vp|, 8 =] glle1, and H = Ps - 5
. m—1
/Bm—l am—1 Bm
/Bm Om

» No need to compute & store H explicitly; only requires m HVPs
=- Can be done efficiently via back-propagation [Pearimutter'94]
» Bonus: H is a sparse tridiagonal matrix
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Krylov Cubic Regularized Newton

> Input: Initial point xg € RY, subspace dimension m, regularization parameter M > 0
» for k=0,1,..., do
* (Vx, &k, Hy) + Lanczos(Hy, gk; m)
® Solve the cubic subproblem
1 +-~ M
z) = argmin {g[z + -z "Hez + —HZH3},
zeR™ 2 6
® Update xxr1 = xx + Vizx
» end for

» Per-iteration computational cost

® Performing Lanczos iteration: m HVPs = O(md)
® Solving the cubic subproblem: O(m)
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© Convergence Analysis

Krylov Cubic Regularized Newton 22733



Convergence Analysis

» For simplicity, we further assume that sz(x) < L1l as in [Hanzely et al’20]
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Convergence Analysis

» For simplicity, we further assume that V2f(x) < L1l as in [Hanzely et al’20]

Let {xx} be generated by Krylov CRN with subspace dim m. We have

1 L L
f(xki1) < F(xk) + 8¢ s + ESTHks + €2H5||3 + jlls\l% Vs € RY.
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Convergence Analysis

» For simplicity, we further assume that V2f(x) < L1l as in [Hanzely et al’20]

Let {xx} be generated by Krylov CRN with subspace dim m. We have

1 L L
f(xki1) < F(xk) + 8¢ s + ESTHks + €2H5||3 + jlls\l% Vs € RY.

» The additional error term is independent of d
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Convergence Analysis

» For simplicity, we further assume that V2f(x) < L1l as in [Hanzely et al’20]

Let {xx} be generated by Krylov CRN with subspace dim m. We have

Ly Ly

3
2|l + -

f(xkp1) < F(xe)+ 8l s+ = sTHks - — —|Is|?, VseR7.

2

» The additional error term is independent of d

» |t diminishes as m increases
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Proof Sketch

» For simplicity, ignore the subscript k
» Let P(™ be the orthogonal projection matrix associated with K,,(H, g)
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Proof Sketch

» For simplicity, ignore the subscript k
» Let P(™ be the orthogonal projection matrix associated with K,,(H, g)
» Recall the key inequality: for any s € RY,

f(xp) < f(x)+g PMs + %(P(m)s)TH(P(’")s) + %HP("’)SIP
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Proof Sketch

» For simplicity, ignore the subscript k
» Let P(™ be the orthogonal projection matrix associated with K,,(H, g)
» Recall the key inequality: for any s € RY,

f(xy) < f(x)+g PMs+ %(P(m)s)TH(P(’")s) + %HP(’")SIP
> Since g € Kin(H,g) < P(Mg =g and |[P(Ms| < |s]:

1 L 1
fxi) <f(x)+g's+ s Hs+ gusn3 +5s' (PU™HP™ —H) s
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Proof Sketch

» For simplicity, ignore the subscript k

v

Let P("™) be the orthogonal projection matrix associated with K(H, g)

v

Recall the key inequality: for any s € RY,

f(xp) < f(x)+g PMs + %(P(m)s)TH(P(’")s) + %HP("’)syP
> Since g € Kin(H,g) < P(Mg =g and |[P(Ms| < |s]:

fxp) < f(x)+g s+ sTHs+—\|s|y3 1 s (P(’")HP(’”) - H)s
> Recall the Lanczos algorithm generates {v;}/Z; and {ﬁHl}J-"’:l

Tl (p(m)HP(’") — H) s < 5m+1‘V s|lv, +15|
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Proof Sketch (cont.)

» It can be shown that ;11 < L1/2 for all j > 1:

1 L
55 (PUHP(™ —H) s < Brnia|vysl v sl < s
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Proof Sketch (cont.)

» It can be shown that ;11 < L1/2 for all j > 1:
1 L
55 (PUHP( —H) s < Bra|vysllvyas < sl

> However, the error term does not diminish when m increases
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Proof Sketch (cont.)

» It can be shown that §;11 < L;/2 for all j > 1:
1 L
55 (PUHP( —H) s < Bra|vysllvyas < sl

» However, the error term does not diminish when m increases

» Turns out we can strengthen the bound to

1 L 1 N
fxy) < f(x)+g s+ 5sTHs + €2HSH3 5, min {sT (PU)HPO) - H) s},

where PU) be the orthogonal projection matrix associated with ;(H, g)
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Proof Sketch (cont.)

» It can be shown that §;11 < L;/2 for all j > 1:
1 L
55 (PUHP( —H) s < Bra|vysllvyas < sl

» However, the error term does not diminish when m increases
» Turns out we can strengthen the bound to
1 L 1 . .
f(xy)<f(x)+g s+ =s Hs+ —2Hs|\3 + = min {sT (P(J)HP(J) — H) s},
2 6 2 je{1,...,m}
where PU) be the orthogonal projection matrix associated with ;(H, g)

» Hence,

1

)HPU L
i T 1 : T
i, {87 (POHPY —H)sf < 50 min | sllussl
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Proof Sketch (cont.)

» It can be shown that §;11 < L;/2 for all j > 1:

1 L
55 (PUHP( —H) s < Bra|vysllvyas < sl

» However, the error term does not diminish when m increases
» Turns out we can strengthen the bound to
1 L 1 . .
Te —gT 2613 & = i T (pORHPY) —
f(xy) <f(x)+8 s+ 5S Hs + 5 IIs||® + 2j€{r1r?.|'r.17m} {s (P HP H) s},
where PU) be the orthogonal projection matrix associated with ;(H, g)
» Hence,
L~ T (POHPY) L
Eje{rlrj.l.r.],m} {s (P HPY — H) s} < > 'e{T.I.r.] \v s||v +1s|
> Since {v;} are orthonormal, we further have minjc(y ]v s||v +1s| < Lis|?
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Main Result: Convex Setting

Let {xx} be generated by the Krylov CRN method. Then we have
9L, D? L 9L D3

) = F < = K2

» The convergence rate is independent of d
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Main Result: Convex Setting

Let {xx} be generated by the Krylov CRN method. Then we have
9L, D? L 9L D3

) = F < = K2

» The convergence rate is independent of d

» To achieve accuracy ¢, the number of iterations required is O (mie + W)
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Main Result: Convex Setting

Let {xx} be generated by the Krylov CRN method. Then we have
2 3
. 9L, D n 9L,D

) = F < = K2

» The convergence rate is independent of d

» To achieve accuracy ¢, the number of iterations required is O
d—m 1

E\Q/\
3
(o)
m

» In comparison, SSCN [Hanzely et al 20] requires O(<™

26 /33
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Main Result: Convex Setting

Let {xx} be generated by the Krylov CRN method. Then we have
9L, D? L 9L D3

) = F < = K2

» The convergence rate is independent of d

» To achieve accuracy ¢, the number of iterations required is O
+

E\Q/\
3=

+
S
N—

» In comparison, SSCN [Hanzely et al.20] requires (’)(d m %

» When m < d, our complexity is lower by a factor of d

Ruichen Jiang Krylov Cubic Regularized Newton 26 /33



Main Result: Strongly Convex Setting

» We also consider the strongly convex setting, i.e., sz(x) = ul, Vx € R4

Let {xx} be generated by the Krylov CRN method. Then, the number of iterations required
to reach 0y := f(xx) — f(x*) < € can be upper bounded by

/ 0.25
k:O((Ll+1>| 5°+Lf)57%>
my

110

» In comparison, SSCN requires O ((dm’"ﬁj + ) log %)

» Again, when m < d, we shave a factor of d

Ruichen Jiang Krylov Cubic Regularized Newton 27/33



Hessian Eigenspectrum

» The convergence bound depends on Lj, i.e., the largest eigenvalue of the Hessian
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Hessian Eigenspectrum

» The convergence bound depends on Lj, i.e., the largest eigenvalue of the Hessian
» With a more refined analysis, we can replace L; by

(m) ._ (M(H. g
Proax ,-e{o,Tf'fk_l}{p (Hi. g},
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Hessian Eigenspectrum

» The convergence bound depends on Lj, i.e., the largest eigenvalue of the Hessian
» With a more refined analysis, we can replace L; by

(m) ._ (M(H. g
Proax ,-e{o,T?fk_l}{p (Hi. g},

where p(™M(H, g) is defined by
m—1 m
Hmi — Z c,-H"i

(M(H. g) = i
P (H, g min
(H.2) lel ~ 2 Mgl

€05-+-,Cm—1E€ER
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Hessian Eigenspectrum

» The convergence bound depends on Lj, i.e., the largest eigenvalue of the Hessian
» With a more refined analysis, we can replace L; by

(m) ._ (M(H. g
Proax ie{o,T?fk_l}{p (Hi, &)},

where p(™M(H, g) is defined by

3=

Hm g ZCI

(M(H. g) = i
p™(H, g min
(H.g) el ~ el

€05-+-,Cm—1E€ER

» For a polynomial p(x) = x™ — >, 0 cix', define p(H) = H™ — 3> LeHi
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Hessian Eigenspectrum

» The convergence bound depends on Lj, i.e., the largest eigenvalue of the Hessian
» With a more refined analysis, we can replace L; by

(m) ._ (M(H. g
Proax ,-e{o,T?fk_l}{p (Hi, &)},

where p(™M(H, g) is defined by

3=

p'"(H,g) = min

€05-+-,Cm—1E€ER

Hm g ZCI

gl = IIgH

» For a polynomial p(x) = x™ — 27;61 cix', define p(H) = H™ — E;’;Bl cH’
> Let M,, be the set of monic polynomials of degree m. Then we have

1

(m)(H — mi
P (H,g) = min ||p

p(H) £

1
< min [lp(H)|"

Ir:l pEM
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Hessian Eigenspectrum

» Assume that the Hessian H has r distinct eigenvalues in decreasing order:
AL > Ao > > A,
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Hessian Eigenspectrum

» Assume that the Hessian H has r distinct eigenvalues in decreasing order:
AL> X > >\,
» Then

(M(H. g) < mi H)7 < mi 2|
p™( ,g)_pmm\lp( )i S min e Ip(Ai)|
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Hessian Eigenspectrum

» Assume that the Hessian H has r distinct eigenvalues in decreasing order:
AL > Ao > > A,

» Then

3=

(M(H,g) < mi H)|= < mi Ai
p'™(H,g) < min_ [p(H)[|m < Rl [p(A)]
» Example I: p(™(H, g) < ([T", )\,-)% when m < r, pl™(H, g) =0 when m > r
® If the rank of Hessian is at most m — 1, then p(™(H,g) =0
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Hessian Eigenspectrum

» Assume that the Hessian H has r distinct eigenvalues in decreasing order:
AL > Ao > > A,

» Then

3=

(M(H, g) < mi H)[= < mi A
J ,g)_pwm\lp( )| S i e, [p(A)]

» Example I: p(™(H, g) < ([T", )\,-)% when m < r, pl™(H, g) =0 when m > r
® If the rank of Hessian is at most m — 1, then p(™(H,g) =0

» Example II: Assume that all the eigenvalues of H lie within [0, A] U [L; — A, L] for
some L1 > A > 0. Then, when m is even, we have

p™(H,g) < 2™\ /A(LL - A)/2
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Logistic Regression Problems

w8a (n = 49749, d = 300)

—e— CRN
o —&— SSCN (m=10)
o —¥— Krylov CRN (m = 10)

fix)—f°

0 20 40 60 80 100
Iteration

(a) w8a (d = 300)

4]~ SSCN(m=10)

rovi_train.binary (n = 20242, d = 47236)

—— CRN

—&— SSCN (m =50
—&— SSCN (m = 100)
—A— SSCN (m = 500)
—¥— Kylov CRN (m = 10)

10 20 20 40 50
lteration

(b) revl (d = 47,236)

news20 (n=19,996, d = 1,355,191)

ki i st inasies

‘4 - CcRN

—A— SSCN (m=10)

5] —a— SSCN (m=50)

—A— SSCN (m =500)

5] —&— SSCN (m=1000)

¥~ Krylov CRN (m = 10)

10 20 30 40 50
lteration

(c) news20 (d = 1,355,191)

» The convergence path of Krylov-CRN remains almost unchanged as d increases

» SSCN converges slower as d increases
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Logistic Regression Problems

w8a (n = 49749, d = 300) revi_train.binary (n = 20242, d = 47236) | news20 (n=19,996,d =1, 355,191)
10
—— RN —— CRN
, —4- SSON(m=10) 10° —4— SSCN (m=10)
10 —%- Knylov CRN (m = 10) —4— SSON(m=50) ,
—4— SSCN (m=100) 10
- —4— SSCN (m=500)
. —%— Knylov CRN (m = 10)
10
N . e
i 1 10° i
2 . < =
£ 10 S E
10
10 - CRY
—a— SSCN(m=10)
o 17 |~ SSCN(m=50)
ot —a— SSCN (m=500)
—a— SSCN (m = 1000)
—v— Keylov CRN (m = 10)
10
[ o E) E) @ 50 E) o E) E) L) 50 E) E o E) E) L) E) E) k
Time (s) Time (s) Time (s)

(a) w8a (d = 300) (b) revl (d = 47,236) (c) news20 (d =1, 355,191)

» When d is large, Krylov CRN converges much faster than the others
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